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On the Upper Critical Dimension of
Lattice Trees and Lattice Animals
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We give a rigorous proof of mean-field critical behavior for the susceptibility
(y=1/2) and the correlation length (v =1/4) for models of lattice trees and lat-
tice animals in two cases: (i) for the usual model with trees or animals construc-
ted from nearest-neighbor bonds, in sufficiently high dimensions, and (ii) for a
class of “spread-out” or long-range models in which trees and animals are con-
structed from bonds of various lengths, above eight dimensions. This provides
further evidence that for these models the upper critical dimension is equal to
eight. The proof involves obtaining an infrared bound and showing that a
certain “square diagram” is finite at the critical point, and uses an expansion
related to the lace expansion for the self-avoiding walk.

KEY WORDS: Lattice animals; branched polymers; upper critical dimen-
sion; lace expansion; critical exponents; mean-field behavior.

1. THE MODELS AND RESULTS

In recent years there has been some progress in the rigorous study of criti-
cal phenomena for the self-avoiding walk and for percolation, above the
upper critical dimension, where mean-field behavior takes over. The basic
idea in this work is due to Brydges and Spencer,’") who used their lace
expansion to prove mean-field behavior (simple random walk scaling) for
the weakly self-avoiding walk above four dimensions. A simplified con-
vergence proof for the lace expdnsion was given in ref 2, where it was
proven that the mean square displacement of the strictly self-avoiding walk
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is linear in the number of steps, in sufficiently high dimensions. Further
results for the strictly self-avoiding walk were obtained in refs. 3-5.

In ref. 6 it was shown how an expansion related to the lace expansion
could be used to prove that the triangle condition'” is satisfied in suf-
ficiently high dimensions for independent nearest-neighbor percolation, and
above six dimensions for a class of “spread-out” models of independent
percolation. The triangle condition is known rigorously to imply that a
number of percolation critical exponents take their mean-field (Bethe
lattice) values.”"® Further results for percolation were obtained in ref. 10.

An important feature in this work (both for percolation and the
self-avoiding walk) has been the proof of an infrared bound. Such a bound
has played a major role in the rigorous analysis of the critical behavior of
Ising and ¢* models,"*'* in particular in proving triviality above four
dimensions. A general proof of the infrared bound is known for spin
models which satisfy reflection positivity,'"’ but no general proof of the
infrared bound is known for the self-avoiding walk, percolation, or lattice
animals. In fact, for percolation and lattice animals there is reason to
believe that the infrared bound is violated below the upper critical dimen-
sion.14°16)

In this paper we apply expansion methods to the study of lattice trees
and lattice animals (also known as branched polymers) on the infinite
d-dimensional hypercubic lattice Z“. By lattice trees we mean connected
bond clusters without closed loops, and by lattice animals we mean connec-
ted bond clusters possibly with closed loops (see Section 1.1 for precise
definitions). These models are of interest in polymer chemistry as well as in
statistical physics. In addition, their statistics provides a natural problem in
graph theory, which, like the statistics of the self-avoiding walk, has so far
eluded a full solution by combinatoric or other methods.

A field-theoretic representation suggests that the upper critical dimen-
sion for lattice trees and lattice animals is eight,*>) i.e., above eight dimen-
sions all critical exponents take their mean-field values, and below eight
dimensions they do not. This suggestion is supported by the rigorous work
of refs. 16-18. In particular, in refs. 17 and 18 it was shown that if the
“square diagram” is finite at the critical point, as is believed to be the case
for d> 8, then the critical exponent vy takes its mean-field value of 1/2. To our
knowledge there is still no proof that mean-field values of critical exponents
are incompatible with all d<8. (For percolation it has been proven that
mean-field critical exponents are incompatible with d< 6.%29) A partial
result in this direction is the proof in refs. 17, 18, and 21 that the critical
exponent v for the correlation length (assuming it exists) cannot take its
mean-field value in less than four dimensions.

Our main result is a proof of mean-field power law behavior for the
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susceptibility {(y=1/2) and correlation length of order two (v=1/4) for
lattice trees and lattice animals in two situations: (i) for systems involving
only nearest-neighbor bonds, in sufficiently high dimensions, and (ii) for
“spread-out” models involving both long and short bonds, above eight
dimensions. On the basis of the hypothesis of universality, all critical
exponents are believed to be the same for (i) and (i), so the results for the
spread-out models support y =1/2 and v = 1/4 also for the nearest-neighbor
model above eight dimensions. This provides further evidence that the
upper critical dimension is eight.

The proof uses an expansion quite similar to the lace expansion for the
self-avoiding walk, which allows models (i) and (ii) to be treated as a small
perturbation of corresponding simple random walk models. The small
parameter responsible for convergence of the expansion is closely related to
the square diagram (defined below). The analogue of this quantity for the
usual nearest-neighbor simple random walk is small in very high dimen-
sions, and is small also in any dimension above eight for a walk with
variable-length (possibly quite long) steps, but it is infinite in either case if
d<8. It is not at all obvious that the square diagram is finite for (i) and
(ii), let alone small, and one of our results is to prove that it is finite. We
also prove a related infrared bound.

The mean-field bound y > 1/2 was proven in ref. 16 for all dimensions.
The opposite bound y < 1/2 was shown in refs. 17 and 18 to be a conse-
quence of the finiteness of the square diagram. Thus, it suffices to prove
that the square diagram is finite to conclude that y=1/2. The power-law
behavior of the correlation length, with exponent v = 1/4, follows from the
arguments employed to prove the finiteness of the square diagram.

The exponent v is often defined alternatively as the power at which the
rate of exponential decay of the two-point function vanishes at the critical
point. A rigorous proof that this exponent equals 1/4 for models (i) and (ii)
can be obtained by combining our expansion with the method of ref. 10, in
which analogous results were obtained for percolation. Formally, y and v
are related respectively to the exponent 6 for the number of n-bond trees
or animals and to the exponent (also called v) for the radius of gyration of
n-bond trees or animals. Currently we have no proof of power law behavior
for these microcanonical (as opposed to canonical) ensemble quantities.

1.1. The Modeis

We consider lattice trees and lattice animals on the infinite
d-dimensional hypercubic lattice Z¢. An element of Z¢ is called a site, and
an unordered pair {x, y}, where x, y are distinct sites, is called a bond. For
now we restrict our attention to the nearest-neighbor bonds, for which
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lx — yll, = 1; later more general bonds will be considered. A lattice tree is
a connected set of bonds which has no closed loops. Although a tree T is
defined as a set of bonds, we write xe T if x is an endpoint of some bond
of T. We denote the number of bonds in a tree T by |T|. A lattice animal
is a connected set of bonds, which may contain closed loops. We denote
a typical lattice animal by A and the number of bonds in A by |A4}. The
number of sites in a tree or animal C will be denoted ||CJ. In general,

icl-1<ic1<5 el (L)

where Z is the coordination number (Z =2d for the nearest-neighbor
model, and more generally & is the maximum number of bonds which can
emerge from one site). In fact, for trees the left inequality is always an
equality.
The two-point function for trees or animals is defined, for sites
x, yeZ% by
G.(x, )= )Y 2T, Gix, y)= Y, M (1.2)

Tax,y A3x,p

where z is a nonnegative parameter called the activity. The superscript a
designates animals as opposed to trees. The susceptibility is defined by

2= ¥ G0.x) =TT

xeZ4

(1.3)
“(2)= Y, G40, x)=Y|4|* M
xeZd A
where Y’ denotes a sum running over one tree T (or one animal A) in each
equivalence class modulo translation.

We denote by a, and a2, respectively, the number of trees and animals
containing n bonds, modulo translation. Thus, for example, ay=af=1,
a,=af=d, and a,=a5=d(2d—1). The existence (finite and nonzero) of
the growth constants

A= lim a}"=supal”
n—®© nz1

(1.4)

ho= lim (a%)" =sup (a%)""

n— nzl

can be shown using subadditivity arguments (see ref. 22 for trees and ref. 23
for animals). In particular,

(1.5)



Lattice Trees and Lattice Animals 1473

It was recently shown in ref. 24 that the growth constants ¢ and o, defined
by replacing g, and a; by the numbers s, and s; of n-site trees or animals,
satisfy the strict inequality ¢ < o,. It is expected that

-9

a,~n" A", at~n="

n

a
n
. . (1.6)
S,~n""a”", Sp~n_‘o,

a

with the same exponent 6 in all cases. [ The notation ~ in (1.6) means that
the left side is bounded uniformly above and below by positive multiples of
the right side.] Note that (1.5) implies that 8 > 0. The mean-field (Bethe
lattice) value of 6 is 5/2, and this is expected to be correct on the lattice Z¢
for d>8.
The susceptibility has been proven to diverge at the critical point
2@ =4.); in fact,
x“)(z) = const - (2 — z) =12 (1.7)

See refs. 16 and 18 and also Section 1.3 below. (Here the superscript a in
parentheses is to be omitted or retained across the equation; we will use
this convention throughout the paper to discuss trees and animals
simultaneously.} On the basis of (1.6), it is expected that

1)~ () =2) (1:8)

with y =3 — 6. This can readily be seen for the analogue of x'“ defined by
replacing z'" and z'4! in (1.3) by z!"" and z'; the same behavior is expec-
ted for the bond-weighted quantities. Note that (1.7) implies that y>1/2,
and hence [assuming (1.6)] that 8 < 5/2. The mean-field value of y is 1/2,
which also is expected to be correct for d>8. For d< 8, y and all other
critical exponents are expected to be dimension dependent.

For z <z, we define the correlation length of order two ¢'“(z) by

R R GO0, )"
3 )(2)2[ ¥, G0, x) ]

(1.9)

It is expected that the correlation length diverges at the critical point via
a power law:

E@(Z)~ (2@ — 7) =" (1.10)

c

The mean-field value of v is 1/4 (see, for example, ref. 16) and it is expected
that v = 1/4 also for Z when d > 8. An alternate correlation length is £)(z)
(the inverse mass gap), defined by

_ log G0, n(1, 0,..., 0
5(a)(z)~l___:.___limsup 0g U ( n( ))

n— n
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It is expected that as z ~ z\@),

£ )~ (247 —2) ™"
and that ¥=v. Formally v also describes the behavior of the radius of
gyration R of n-bond trees or animals:
ZCBO:\CI:H Yxec \x‘ic|2~n2V

ZC30:|C|:n ercl

where C denotes a tree for R and an animal for R® and x. is the center
of mass of C. In fact, (£“)? is exactly twice the average squared radius of
gyration:

RD(n)? = (L.11)

ZnZ 2C90|C| 2 ICll - R(a)(n)2
2nz" ZC90|C| 2 ICll

At the critical point the two-point function is expected to decay at
large distances according to a power law

(g =

G0, x) ~ |x| =2 (1.12)

The critical exponents y, v, n are believed on the basis of scaling theory to
satisfy the identity y = (2 —n)v. For d> 8 it is expected that n =0, while for
2<d<8 it is expected that # is negative.">'® In particular, for d=3,
Parisi-Sourlas dimensional reduction®’ predicts that n = —1.9 In terms
of the Fourier transform

GWk)y= Y G0, x)e™, ke[—m n]”

xeZ4

(1.12) is consistent with the behavior

for k near 0. Thus, we expect that for d>8, G should obey the infrared
bound

(1.13)

If the infrared bound (1.13) is obeyed, then it would follow that for
d > 8 the square diagram

0@z = ¥ G0, w) Gw, x) G(x, y) GI(1, 0)

w, X, yeZd

_J[ n]d(ZTC)d (62" (114)
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would be finite at the critical point. It is known that if (1(z{”) < co, then
(1.8) holds with y=1/2, in the sense that

ez —2) TP <y ) S ey(z( —2) 12 (L15)

for some positive constants ¢, <c¢,. In fact, the lower bound holds quite
generally,!®'®) while the upper bound follows from the finiteness of the
square diagram;'7'®) see Section 1.3. (References 16-18 explicitly treat only
the nearest-neighbor model, but the methods apply equally to the
spread-out models.)

The square diagram gets its name from the following Feynman
diagram notation, which we use repeatedly. We use 0~~~ x to denote
the two-point function or propagator G”(0, x). In any diagram we use the
convention that each line denotes a propagator, unlabeled vertices are
summed over the lattice, and in a diagram with all vertices unlabeled one
vertex is fixed at the origin. Thus,

O@(z)=

A shaded loop involves an unconstrained sum over vertices, whereas in an
unshaded loop we use the convention that the summation over vertices is
restricted to omit the coincidence of all vertices on the loop. For example,

§@=0@(z)—G90,0) = (1.16)

In this paper we prove mean-field behavior for y'“(z) and &“)(z) in
sufficiently high dimensions. The proof uses an expansion related to the
lace expansion for the self-avoiding walk, whose convergence is assured by
taking d sufficiently large. In order to obtain mean-field behavior right
down to d=8", we consider a model of “spread-out” trees and animals
which introduces a small parameter to replace d~'. Similar models were
considered for percolation in ref 6. In the spread-out model, trees and
animals can be built from any bonds {x, y}, x, ye Z% x+# y, for which
y—xe\{0}, where Q = R?is a given compact set with finitely many con-
nected components and positive Lebesgue measure. In particular, we con-
sider  of the form Q, = {x: x/Le Q,}, where L is large and Q, is a fixed
compact subset of R which is Z“invariant (i.e., invariant under reflections

822/59/5-6-25
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in the coordinate hyperplanes and rotations by n/2 about the coordinate
axes).

For the spread-out models we define the two-point function
G L(x, y) by replacing the sums over nearest-neighbor trees and animals
in (1.2) by sums over trees and animals built from bonds {x, y} for which
y—xeQ,\{0}. Then we define y“%(z), &L ¢@L and O@* by
replacing G by G in (1.3), (1.9), and (1.14). Similarly, we use a!**
to denote the number of spread-out trees or animals containing exactly
bonds.

1.2. The Results
In this paper we prove the following theorems:

Theorem 1.1. For the nearest-neighbor models of lattice trees and
lattice animals there is a d,> 8 such that for d > d:

(a) The infrared bound 0<G@(k)<c/k? is satisfied uniformly in
z<z¥. The square diagram O @(z!¥) is finite, and hence y=1/2 in the
sense that (1.15) is satisfied.

(b) v=1/4 in the sense that there are constants 0 < c; < ¢4 < o0 such
that for z less than but near z'?,

ez = 2) " ED(2) S eylz — 7)1

Theorem 1.2. Let 2, be a compact Z“invariant subset of R? with
finitely many connected components and positive Lebesgue measure. Then,
for any d> 8 there is an L, = Ly(d, Q,) such that for L > L, the spread-out
models of lattice trees and lattice animals defined by 2, obey (a) and (b)
of Theorem 1.1.

On the basis of the hypothesis of universality, all critical exponents
for the spread-out model are expected to be the same as for the
nearest-neighbor model, independent of Q,. In particular, Theorem 1.2
suggests that y=1/2 and v=1/4 for the nearest-neighbor model above
eight dimensions. Theorem 1.2 shows that above eight dimensions y and v
are independent of €, if L is sufficiently large, which supports the
hypothesis of universality.

The proofs of Theorems 1.1 and 1.2 are essentially the same, as are the
proofs for trees and animals. As mentioned in Section 1.1 and further
explained in Section 1.3, to show that y =1/2, it suffices to show that the
square diagram is finite at the critical point. For this, we first obtain a
uniform bound on the square diagram below the critical point. It will then
follow from the monotone convergence theorem that the square diagram
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is also finite at the critical point. The infrared bound is proved
simultaneously. The basic mechanism in the proof was used in ref. 2, where
in particular it was shown that the bubble diagram for the self-avoiding
walk is finite at the critical point. It involves an easy continuity argument
for the square and the weighted triangle (defined in Section 2.3) as functions
of the activity z, together with a more difficult argument which uses the
lace expansion to show that when 4 or L is sufficiently large, if S(z) (z <z,)
is less than 4e, then in fact it is less than 3¢, where ¢ is proportional to d~*
or an inverse power of L. In the course of the proof it can be seen that

ED(z)* ~ ' 9(z)
which then gives (b).

Throughout the paper we shall concentrate on trees, commenting
briefly on the modifications needed to treat animals. The remainder of the
paper is organized as follows. In Section 1.3, we discuss the relation
between (1.15) and the finiteness of the square diagram in more detail. In
Section 2, we recall the lace expansion and show how it can be applied to
trees and animals, both nearest-neighbor and spread-out. In Section 3 the
proof of Theorem 1.2 is given. The proof of Theorem 1.1 is almost identical,
and the details are not repeated. Finally, in an Appendix we collect some
Gaussian (simple random walk) bounds which are needed in Section 3.

1.3. The Skeleton Inequalities

The upper bound of (1.15), which implies that y < 1/2, was shown in
refs. 17 and 18 to follow from the finiteness of the square diagram, while
the lower bound of (1.15), which implies that y > 1/2, holds in general.!'%!®)
In this paper we prove that under the hypotheses of Theorem 1.2, §{* <1
and Gg‘:’(O, 0)<4. (Similar bounds hold under the hypotheses of
Theorem 1.1.) This is a stronger statement than [J(z.)< oo, and it is
actually less involved to prove that the stronger statement implies that
y<1/2 than it is to prove that finiteness of the square diagram implies
y<1/2. To make this paper more self-contained, we briefly explain the
argument in this section.

The argument follows the basic strategy presented in refs. 16 and 18.
To simplify the notation, we omit labels (a), L, and z, and use C to denote
either a tree or an animal. By definition,

z%(;z&z Y |clz

x Ca0,x

By (L.1), 5
Y oc-1z9% ¥ |c9< ¥ =i (117)

C20,x C30,x C20,x
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Let
G3(0,x, p)= )Y @
Ca30,x,
Then from (1.17) we have
dy(z) &
Y 6505 1)~ 1) <2 B2 < T Y 60,3, )
x ¥ X,y

As we briefly explain below, G;(0, x, y) can be bounded above and
below using the first- and second-order skeleton inequalities [ref. 16, Egs.
(5.63), (5.69); ref. 18, Eqgs. (5.8), (5.14)]:

X X
! 0 0
G(0,0) B
¥ y
X X
- 0 — 0
y Y
X
<G4(0, x, ) <0 (1.18)
Yy

[In fact, (5.14) of ref. 18 is not correct for animals as stated: the factor ¢
on the right side should be replaced by G4(0, 0) 2] The loops in (1.18) are
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unshaded, i.e., the squares on the left side invoive the quantity .S given in
(1.16) rather than [J]. As a result,

2(2)* [G(0,0)"2—38S]—y(2) <z d);(Z)

%
< y(z)? {1.19)
z 2

If S<1/[3G(0,0)?] uniformly in z<z,, then (1.19) provides uniform
positive upper and lower bounds on [d(y(z) ~?)/dz|, which upon integration
yields (1.15). In this paper we in fact prove that under the hypotheses of
Theorem 1.2, G(0,0)<4 and S<1 uniformly in z<z, (a similar result
holds for the nearest-neighbor model); see Section 3.1.

We now bricfly sketch the derivation of the skeleton inequalities
(1.18). For trees the situation is very similar to that described in some
detail in ref. 16. The derivation of the skeleton inequalities for animals is
more delicate, and we discuss only this case.

For the first-order skeleton inequality [the upper bound of (1.18)], we
first note that for any animal 4 contributing to G5{x,, x;, x3), we can find
a site we 4 (possibly equal to one of x,, x,, x5) and paths in 4 (possibly
consisting of the single site w) from x, to w, from w to x,, and from w to
x;, with these three paths intersecting only at w. The choice of w and the
three paths will in general not be unique, but we can impose an order on
the set consisting of such sets of three paths which will allow us to associate
to each animal 4 a unique site w and triple of paths, as above. Next we use
some algorithm (for example, see the proof of Lemma 2.1) to decompose 4
into three animals A,, A,, A5 containing the three paths, with 4=4, U
Ay 0 A, (as sets of bonds), and 4,n A;= I, i# j, again as sets of bonds.
Since A=A4,uU A4, A;, different 4’s have different decompositions A,
A,, A,, and hence the upper bound of (1.18) can be obtained by over-
counting:

Gi(xy, X5, X3) < Z Z g+l - Z G(xy, w) G(w, x3) G(w, x;)
w A, 3w, x, w
Similar upper bounds will be needed in Section 2.2.

For the second-order skeleton inequality [the lower bound of (1.18)],
we bound the three-point function G4(x;, x,, x;) below by summing over
only those 43 x,, x,, x5 for which there is a unique pivotal site w, ie., a
site such that the removal of all bonds in 4 having endpoint w will discon-
nect x; from x, (i # j). For such A there are three animals 4,, 4,, 4; such
that (1) 4,nA;={w}, i#j, as sets of sites, (2) A;2x;, w, 3)Ad=4, U
A, A3, as sets of bonds. Although the animals A,, 4,, A5 are in general
not uniquely determined, the only ambiguity in the composition of the 4,
is due to possible “branches” in 4, emanating from w, which do not include
one of the x,. We remove this ambiguity by assigning all such branches to
A,; the animals A4, and 4; are then “trimmed at w” in the sense that any
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bond emanating from w in 4, or A4, is the first step in a self-avoiding walk
in 4; from w to x;. This gives the lower bound

Gi(xy, x5, X3)

=y Y MMIrlalrIIr 4, and A, are trimmed at w]

w A9 x;,w
xI[A;n A;={w}, i# j]

where I denotes the indicator function.
Now by inclusion—exclusion we have

ITA,NA;={w},i#j]
2114, n A, {w}]—I[A,n A3 > {w}]1—I[A, N A;> {w}]
where o denotes strict containment. Using

Z 4,0 4;,>{w}] g+l g Z G3(w, xy, ¥) G3(w, X3, )
A1 w,x1 YFEW
Araw, x3

together with the first-order skeleton inequality leads to the lower bound

Gi(xy, X,, X3)

=) G(x;, w) G'(w, x;) G'(w, x3)

Xy x,
- Xy - X1
x3 X3
X2
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where

G'(w,x)y= ) z"I[A4 is trimmed at w]

Asw,x

The lower bound of (1.18) now follows from the fact that
G'(w, x) = G(0,0)~! G(w, x).

The skeleton inequalities (1.18) can be derived as above for both trees
and animals when the two-point function is defined as in (1.2) using the
weight z'l. These inequalities are, however, problematic for animals if the
two-point function is defined using the weight z!*, and it is because of this
and similar difficulties with the latter weight which would occur in Sec-
tion 2.2.2 that we have used the weight z¥|. More precisely, our analysis
goes through if we either (i) define animals as sets of bonds and use the
weight z!4l, or (ii) define animals as sets of sites and use the weight z!*1,
The latter case was considered in ref. 18. However, if we define animals as
sets of bonds and use the weight z'4l, then we encounter difficulties arising
from the fact that there can be a large number of different bond animals
with the same set of endpoints of their bonds (and thus with the same
weight z'41),

2. THE EXPANSION

2.1. Derivation of the Expansion

In this section we derive the expansion used in the proof of
Theorems 1.1 and 1.2. The expansion is closely related to the lace expan-
sion for the self-avoiding walk.""? In Section 2.1.1 we consider in detail the
case of lattice trees, nearest-neighbor or spread-out, and then indicate in
Section 2.1.2 how the expansion is modified for lattice animals. We omit
the label L indicating quantities for the spread-out trees or animals.
Bounds on each term of the expansion are obtained in Section 2.2.

2.1.1. The Expansion for Trees. Given two distinct sites x, y
and a tree T3 x, y (nearest-neighbor or spread-out), the backbone f(x, y)
of T is defined to be the unique path, consisting of bonds of 7, which joins
x to y. Usually x and y are understood and we write simply B, for
Br(x, y). Sites in the backbone are labeled consecutively from x to y,
beginning with f,(0)=x and ending at (say} B,{n)=y. Removal of the
bonds in the backbone disconnects the tree into »n+ 1 mutuaily noninter-
secting trees R,,.., R,, which we refer to as ribs. This decomposition is
shown in Fig. 1. Ribs are defined as sets of bonds, but as for trees and
animals, we write R > x if a site x is an endpoint of some bond of the rib R.



1482 Hara and Slade

R

-
-

N

| |
|

Fig. 1. Decomposition of a tree T containing sites x and yp into its backbone f,(x, y) and
ribs Ry,..., R,. The backbone is indicated by a bold line.

Given a set R= {R,,.., R,} of n+1 trees R;, we define

YU

st

(R) = {— 1 if R, and R, share a common site 1)

0 if R, and R, share no common site

Then the two-point function can be written

G0, x)= Y z'“"[lﬁ 3 z'R"jI 1T [1+%,(R)] (2.2)

@:0— x i=0 R2w(1) O<s << |wi

where each sum over R, is a sum over trees and R = (R,,..., R ;). The sum
over w is the sum over all simple (possibly self-intersecting) walks from 0
to x, although walks which do have self-intersections give zero contribution
to (2.2). For nearest-neighbor trees, w takes nearest-neighbor steps, while
for spread-out trees, o takes steps (#, v) with v—ue @2,\{0}. As usual, |R}|
and {w| denote the number of bonds in R, and w, respectively.

To describe the expansion, it is necessary to first introduce some ter-
minology. Given an interval /= [a, b] of nonnegative integers, we refer to
a pair st of elements of I as an edge. A set of edges is called a graph. A
graph I' is said to be connected if both a and b are endpoints of edges in
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I, and if, in addition, for any ce(a, b), there are s, te[a, b] such that
s <c<t with either (1)sterl, or (2)cte I and sce I'. This notion of con-
nectedness is less restrictive than that used in ref. 1, and is better suited for
dealing with the interaction between ribs. The set of all graphs on [a, 5]
is denoted %[ a, b], and the set of all connected graphs 4[a, b]. A lace is
a minimally connected graph, ie., a connected graph for which the removal
of any edge would result in a disconnected graph. The set of laces on [a, #]
is denoted by ¥ [a, b]. Given a connected graph I, the following prescrip-
tion associates with I” a unique lace % The lace % consists of bonds
S1ty, Syt5,.., Where

$;=a, ty=max{ratel}
tio =max{t:stel,s<t;}
s;=min{s: st,e I'}
Given a lace L, the set of all bonds st ¢ L such that %, ,,, = L is denoted

%(L). Bonds in #(L) are said to be compatible with L.
Let

Kla,b]= [] (d+%,) (23)

ass<tgh

By expanding the product in (2.3), we obtain

K[o.p1= ) ] %

I'e 2{0,6] stel”

The contribution to the sum on the right side due to all graphs I for which
0 is not in an edge is exactly K[ 1, b]. To resum the contribution due to the
remaining graphs, we proceed as follows. If I” does contain an edge ending
at 0, let a(I") be the largest value of a such that the set of edges in /” with
an end in the interval [0, a] forms a connected graph on [0, a]. Then
resummation over graphs on [a+ 1, b] gives

b
K[0,6]=K[1,6]+ ) Y Il #,Kla+1,5] {2.4)
a=1 I'e¥%[0,a] stel
The sum over connected graphs can also be resummed:
Y Nu= Y ¥ T1% [] %
re%[0,a] stel’ Le #[0,a] I"¥r=L stel s't'e F\L

= Y IM% Il t+#%.,)=J00a4d] (2.5)

Le#[0,a] stel st e®(L})
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where the last equivalence defines J[0, a]. Inserting (2.5) into (2.4) yields

K[0,061=K[1,b]+ i J[0,a] K[a+1, 5] (2.6)

a=1
In (2.6) the factors K[b, 5] and K[b+ 1, b] are to be interpreted as equal
to 1. Separating out the a =5 term in (2.6) gives (for b= 1)

K[0,6]1=K[1, 5] +bi1 JI0,a] K[a+1,b]+J[0, 5] (2.7)

a=1

(The middle term on the right side is taken to be 0 if b=1.)
Substitution of (2.7} into (2.2) results in

G0, x)= T s + T z*w[ﬁ T a1 o]

Rg30 w:0— x i=0 Raw(i)
|lw| =1
| et
+ 3 z“"[]—[ Y Z‘R”:l Y J[0,a] K[a+1, |ol]
@:0— x i=0 Riaw(i) a=1
jo| =2
||
+ 3 z"‘"{H Y z'R"]J[O,|w1] (2.8)
@:0— x i=0 Raw(l)
lol =1

The first term on the right-hand side is due to the contribution to (2.2)
from the trivial zero-step walk, and the other terms are due to the walks
o with || = 1.

Denoting G,(0, 0) by

2,=G,(0,0)= Y " (2.9)
T30

and writing

,0,x)= ) z"‘"l:ﬁ > Z'R"JJ[O, |w]|] (2.10)

@ 0—x i=0 R;3w(i)
lwjz1

we can write the first and last terms on the right side of (2.8) as g0, , and
I7,(0, x), respectively. The second term on the right side of (2.8) is equal to

Y 2%z Y GL(u, x)
Ro20 o)

where in the sum over (0, u) we sum over nearest neighbors u of the origin
for the nearest-neighbor model, and for the spread-out model over all u for
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which {0, u} is a possible bond in a tree (ie, ue2,\{0}). For the third
term on the right side of (2.8), we consider o to be composed of an initial
a-step walk «, from O to (say) u, followed by a single step to (say) v, and
then a final portion (possibly consisting of 0 steps) @, from v to x. The
term in question is then equal to

zz{ ) z'“’”[ﬁl ) z"*"}fto, |w1u}

(u,0) ‘w1 0—u =0 R20()
log] =1
jwal
x{ Z o [H Z ZIRJ] K[oO, [wzu}
WY —x =0 Ri2w(i)

jawy| =0

=z Y I1,(0,u) G (1, x)
(u.v)

Summarizing, (2.8) can be rewritten as

G0, x) =0, 8. +11.(0,x) + 2z8. 3, G.(u x)

(0,u)

+z Yy (0, u) G,(v, x) (2.11)

(u,v)

2.1.2. The Expansion for Animals. For lattice animals the
derivation of the expansion requires some modification due to the fact that
an animal, unlike a tree, does not in general have a unique backbone in the
sense of Section 2.1.1. The modification involves representing an animal as
a “string of sausages,” as has been done for percolation clusters, for exam-
ple, in refs. 6 and 26. To describe this representation, some definitions are
needed.

A lattice animal 4 containing x and y is said to have a double connec-
tion from x to y if there are two distinct (i.e., sharing no common bond)
self-avoiding walks in A between x and y, or if x=y. A bond {u, v} in 4
is called pivotal for the connection from x to y if its removal would discon-
nect the animal into two connected components with x in one connected
component and y in the other. There is a natural order to the set of pivotal
bonds for the connection from x to y, and each pivotal bond is ordered in
a natural way, as follows. The first pivotal bond for the connection from
x to y is the pivotal bond for which there is a double connection between
one endpoint of the pivotal bond and x. The endpoint for which there is a
double connection to x is then the first endpoint of the first pivotal bond.
To determine the second pivotal bond, the role of x is then played by the
second endpoint of the first pivotal bond, and so on.
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Given two sites x, y and an animal 4 containing x and y, the backbone
of A is now defined to be the set of pivotal bonds for the connection from
x to y. In general this backbone is not connected. The ribs of A are the con-
nected components which remain after the removal of the backbone from
A. An example is depicted in Fig. 2. The set of all animals having a double
connection between x and y is denoted &, ,. We write

gl y)= % 2%, gi=gi0,0)=} (2.12)

DeDy A30

Let B be an arbitrary finite ordered set of ordered bonds: B= ((u,, v,),...,
(45, v5))- Let v=0 and u ., =x. Then

G0, x)= Y zﬂl[lﬁ Y z'D"}K[O,IBl]

B:|B| =0 i=0 DjeBy.,

where now in the definition of K[0, |B]] in Eq. (2.3),

U,

5

(-1 if D,and D, share a common site
0 if D, and D, have no common site
Define

0, y)= %, z“‘”[lﬁ Y le']J[0,|Bl] (2.13)

B:|B| =1 i=0 DieDy
A calculation similar to that used to derive (2.11), using (2.6), gives

G40, x) = g2(0, x) + [I2(0, x) +z Y, g%(0, u) G2(v, x)
(u,0)

+z Y 190, u) G2(v, x) (2.14)
(u,v)

o
e [fﬂ

Fig. 2. Decomposition of a lattice animal 4 containing x and y into backbone and ribs. The
backbone is drawn in bold lines.
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The analogy between (2.14) and (2.11) becomes more apparent if we
define

200, u) = g4(0, u)(1 —3,.0) (2.15)
and
790, u) = IT% N0, u) + %0, u) (2.16)

Then (2.14) can be written

G40, x)=g%8, .+ 11%(0, x) + 22 Y G%(v, x)
(0,v)

+z Y 0, 1) G4v, x) (2.17)

(u,v)

2.2. Bounds on N{?(0, x)

In this section bounds are obtained for /7!*(0, x) simultaneously for
both the nearest-neighbor and spread-out models. The label L for
spread-out models will be omitted. The bounds for lattice trees are dis-
cussed in detail in Section 2.2.1, and we comment in Section 2.2.2 on the
modifications needed for lattice animals.

2.2.1. Diagrammatic Bounds on [,(0, x} for Trees. We
denote by %,[0, a] the set of laces in £[0, a] consisting of exactly N
edges, and write

Iy[0,al= Y Tz 11 (+%.) (2.18)
Le Py[0,a] stel s't'e®(L)
and

Jeo]

O N | IEL] FNCR ) st

w:0 - x i=0 Rsw(i)
fwj =1

Then from (2.10) and (2.5) we have

m.0,x)= Y 10, x) (2.20)

N=1

This is an alternating series, since for Le %y, 1., %,, is either (—1}" or
0. However, we will simply bound the series absolutely. For a nonzero con-
tribution to I7{")(0, x), the factor [1,,., %, enforces intersections between
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the ribs R, and R,, and as N increases, the number of intersections
increases.

To bound the term I7{V(0, x), we proceed as follows. There is a
unique lace consisting of a single edge, so by definition

I90,x)= 3 z'“"[ﬁ Y z‘R"]%O,,m T a+%,) (@221)

w: 0o x i=0 R3w(l) O<s<i<|ow|
jwl=1 (s, 1} # (0, ]e})

The factor %, ,, gives a nonzero contribution only if R, and R, intersect,
and the final product in (2.21) disallows any further rib intersections. We
first consider the case x # 0. Relaxing the latter restriction somewhat and
overcounting an enforcement of the former gives the upper bound

ln';l)((),x)‘gz z zlol Z zIRol 2 7| Riail

v w:0—-x Rg20,v Riy|3 x,0
lolz1

X [\wﬁl Y Z'R":l I1 (1+%,) (2.22)

i=1 Riaw(i)z0,x I<s<r<|o|~1

Now
Y R =G(0, v)

Ro30,v
and similarly
Y 2Rl = G(x, v)

Ry 2 x,0

Also,

sz o] e

@: 0 x i=1 R;2w(i),»0,x l<s<r<|w]—1
|l 21
lo|
= % I T | 1 0+ MRl = R =0)
w:0—>x i=0 R;3w(i) O0<s<1<|w|
jwl =1
<G,(0, x)

Thus, for x#0, we have

T, %) < T 6.0, %) G.(x, v) G.(v, 0) (223)

When x=0in (2.21), we can find ve w, v #0, since |w| = 1. We divide
w into two parts w, and w,, with @, =(0=w,(0), w,(1),..., ©,(jo|) =10}
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and w, = (v=w,(|0,|}, o (|o] + 1}, wa(Jo,] + |@w,])=0). A severe over-
counting with respect to v gives

[ lwil + w2
iﬂf”(0,0)l < z Z Zlonl + w2l H Z ZI Rl H Z &
v#0 w00 =0 Riaw(r) J=lofl+1 Riawi))
wyv—0

X H (1+%,)

O0<Ls <<y + w3

(s5,1) # (0, |oo1] + fowzl)

<Y G,0,v)G,(v,0) (2.24)

v#0

where in the second step we relaxed the nonintersection restriction between
ribs of w, and w,, and bounded the sums over w,; and w, by G,. Since
G.(0,0) = 1, we can now write (2.23) and (2.24) together as

(0, x)| <Y {G.(0, 0) Go(v, X) G.(x, 0)~ I[0=v=x]g}}

0 X
= (2.25)

A similar strategy can be used to bound 7/")(0, x) for N> 1. Each of
the N factors in the product [],,., %,, in J imposes an intersection of ribs.
The situation for N=2 is shown in Fig. 3a. For a lace L =(0¢,, s, ||} con-
sisting of exactly two edges, there are two generic configurations possible
with [, %, #0, one for the case s, < ¢, and the other for s,=1¢,. For
general N> 2 there are similarly 2%~ ! generic configurations which con-
tribute to /7™, The contribution due to each type of configuration can be
bounded in essentially the same way, and we illustrate this bound in detail
only for the case of N=2 with s, =1¢,.

The contribution to I7{® due to laces with s, =1, can be written

Je| | —1
Y Z"”'[H Y Zw] S Upy 11 (1+%,.,)

w:0—-x i=0 Ri3w(i) se=1 s't' e €(0s,s|w})
lw] 22

leo] feo] = 1
< % z'“"[n > ZJR"] Y Uo My KTO, 51 K[s, || ]

w:0—x I=0 R;awl(i) s=1

lof 2 (2.26)
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0=5 Szt el X

e oz, hows m m
X
LN oo +0§:m +omx

(b)

Fig. 3. (a) The two generic laces consisting of two bonds, and a schematic diagram showing
the corresponding rib intersections for a nonzero contribution to I7?(0, x). (b) Diagrammatic
representation for h(z"”, N=1,2,3. Sums over vertices are constrained to disallow the coin-
cidence of all vertices on any loop. On the left, the laces giving rise to the corresponding terms
in A% are shown.
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Let y be a site where R, and R, intersect, and let i (o(s), y) be the back-
bone of R,. For %, #0, R, must intersect R , and hence there must be
a rib emanating from a site on the backbone B, (w(s), y) which intersects
R, (see Fig 3a). Now, by arguing in a similar fashion to the case N=1,
(2.26) can be bounded above by the second term in £%(0, x), depicted in
Fig. 3b.

In general

HTE(0, x)| < Y0, x) (2.27)

where for N> 1, #(0, x) is given by a sum of 2V~ ' diagrams, each con-
taining exactly N nontrivial loops. These diagrams are shown in Fig. 3b for
N=1,2,3. The propagators in the diagrams are all independent. More
precisely, for u;, v,€ Z° let

0 Uy
A0, u,v)=
Uy
=2 (G0, uy) G.(uy, v,) G.(vy, ¥) G, 0)
v

- 1[0=u1=1}1=}’]gj)

Aty 0,15 Uy, 0;)

= A1) 2
=AU, 0,0, 4, 0,) +A5 )(ui—l» Uy Uy V)

Uy v, U, _, v;

M
+

U, U;

U1 U,

= Z (Gz(ui——l’ .V) Gz(ya vi) Gz(viz uz’) Gz(uh b, 1)

—Iv, =u;_ =v,=u;=y] g2)

+Z (Gz(ut—la Ui) Gz(vn ui) Gz(uia y) Gz(y’ Ui~l)
y

v, =y, =v;=u;=y] g:)

822/59/5-6-26
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and
A3(vi’ uia x) EA(;)(Uia ui) -x) +A(32)(Ui> uh x)

U

H

u; X

+

v X v

1

=2 [GAus, ¥) GAy, x) G.Ax, v) ~ Iv,;=x=u;= y] g}]

y

+Z [Gz(uiax) Gz(x’ y) Gz(y’ Ui)_I[Ui:xzuizy] gz]

y

Then
R0, x) = 345(0,0, x) (2.28)
and for N> 2,
h(zN)(Oa X)= Z A0, uy, vy)
UL, VYo UN— T, UN—1

N—-1
X H Az(uj‘1 Vi1, Uy, Uj) Aoy uy_y,x) (2.29)
J=2
Combining (2.27) and (2.20) gives the fundamental bound

7,00, x)l < Y A0, x) (2.30)
N~

=1

2.2.2. Diagrammatic Bounds on M2(0, x) for Animals. For
lattice animals the diagrammatic bounds on I7¢ are more complex than the
corresponding bound (2.30) for trees, due to the more intricate nature of
possible rib-rib intersections for animals. The diagrams which arise in
bounding I7¢ are closely related to the diagrams encountered in ref. 6 for
the analogous percolation problem.

As in (2.19), we define I7%™ by replacing J by J in (2.13), for N> 1.
In addition, there is the term I7%® from (2.16). Thus, we have

o0
0, x)= Y, HI*™(0, x)
N=0
The basic tool used to estimate 77¢Y) is the lattice animal version of the
van den Berg-Kesten inequality®” stated in the following lemma. The
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proof of the lemma is essentially the same as the proof of the first-order
skeleton inequality sketched in Section 1.3.

Lemma 2.1. Given sets of lattice paths E,,.., E,, let o4 (i=1,.., n)
be the set of all animals which contain a path in E,, and let ./ be the set
of all animals which contain distinct (i.e., sharing no common bond) paths
in each of E|,..., E,. Then

Y ZiAéﬁ‘!: y ZAA:l
Acud i=1L4ded

Proof. Given any animal 4 € &/, it is possible to decompose A4 into
animals A4,,..., A, which are distinct in the sense that no two share a com-
mon bond, and with A, s (i=1,.., n). This decomposition is in general
not unique, but it can be made unique if the decomposition is formed via
some specific algorithm. An example of such an algorithm is the following:
(i) Out of all possible decompositions, consider those for which |4, is
largest, and of these, consider those for which |A4,] is largest, and so on.
(ii) From the reduced set of decompositions obtained in step (i), choose the
A, which is lexicographically largest in the sense that it contains the
lexicographically largest bond not found in any other A4,; then repeat for
the compatible 4,’s, and so on.

This provides a mapping which associates to each animal 4 e an
n-tuple of animals A4,,..., 4, with |4,| +|4,]+ --- +|4,|=|4| and 4, € o
Since A=A, U --- U A,, each resulting n-tuple corresponds to exactly one
animal 4 € «/. Hence, by overcounting we have

Z ZHl g Z Z Sl Lol + o B

Ae ot A e oy Ape oy

Now, to bound the N=0 term 7740, x), we simply note that by
Lemma 2.1 and the definition of g4(0, x) in (2.12),

mz 0, x)= ) 2”[1-6,.]

De Doy

<G40, x)* (1=, ) = h2 (0, x) (231)

For the N=1 term, by definition we have

18|
700, x)= Y zwi[n ¥ ZIDA]%,M I +u)

BB =1 i=0 D.ePy, O0ss<r<|B|

U,
! 51 0/|B|
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The final product on the right side is bounded above by

[T U+%)IDBuy,vp;i=1,., B —1]

Igs<r<g|B| -1

and hence

e D0, x) < Y, GHuy,vg) ), 2™

w1, 0B Doe P,y

x Y, zPEIDyAD g #* 3]

D5 € Dy, x

< ) Gﬂ“u“uﬂ)z Y, 2™U[Dg>y]

ug,vp y Doe Do

x Y ZPB[D g3 y] (2.32)

Dp € %,BM

For Dye %, ,, to contain the site y, there must be a site w, and distinct
paths in Dy from 0 to uy, 0 to w;, w, to y, and w, to u,. Thus, by
Lemma 2.1,

Y ZPU[De3 y1< G0, uy) 3 GO, wy) Galwy, uy) Giwy, »)

Dye Zo,u, w1

Employing the same analysis on the other factor of (2.32) gives

5 = he (0, x)

M0, x) <0
Similarly, it can be shown that
a3™0, x) <h&™M(0,x),  N20 (2.33)

where, for N =2, h>™)(0, x) is given by a sum of 5¥ ! diagrams, which are
related to the corresponding diagrams for percolation. This leads to

50, x)] < i hz ™0, x) (2.34)

N=0

We illustrate the diagrams contributing to ~%'® in Fig. 4, but omit the
detailed description of h%™) for N>2. While /%) can be bounded using
only the triangle diagram, higher orders require the square diagram.
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Fig. 4. Diagrammatic representation of h%*(0, x). Sums over vertices on unshaded loops
are constrained to disallow the coincidence of all vertices on the loop. In the last diagram,
there is no vertex at P.

2.3. Bounds on hV(0, x)

In this section, bounds are obtained for A0, x) for both the
nearest-neighbor and spread-out models of trees. As usual, the label L for
spread-out models is omitted. Bounds on 4#%™(0, x} can be obtained in a
similar fashion, but we omit the details of these lattice animal bounds.

We need bounds on Y A%V(0, x) and ¥, [x]? £Y(0, x). The first of
these will be used with (2.30) to bound I7,(0, x), and the second will be
used to bound the second derivative with respect to &, of the Fourier trans-
form

(k)= 1100, x) e~

The basic operation used in obtaining the bounds is to repeatedly apply the
simple inequality

!
3 A3) g0 <sup 17001 S 200 (235)

I~

The method closely mirrors that used in refs. 1 and 6 to estimate analogous
diagrams which occur for self-avoiding walk and percolation, respectively.

The upper bounds obtained are in terms of the quantities given in the
following definition.
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Definition 2.2. For /e Z? we define
Tl: Z Gz(oa x) Gz(-x9 Y) Gz(ya l) - 50,l(gz)3
X, ¥

W=}, [xI? G.0,x) GAx, ¥) Gy, ])

X, )
Si="Y. G0, w)G.(w, x) GoAx, ¥) Gy, 1) = b6,,(g.)"
w, X,y
S=S,, T=T,, W=Ww,
S=sup S, T=sup T,, W =sup W,
leZd leZd lezd

The following lemma will be used with (2.30) to bound IT,(k) and
aiﬁz(k). A similar lemma can be proved for lattice animals, involving
more complicated upper bounds analogous to those encountered in per-
colation.® The major difference for lattice animals is that the upper bound
corresponding to (2.38) involves an additional quantity

/

H=sup H,=sup ) |x—y| y (2.36)

lezd 1eZ2x y
0 X
which is needed to bound diagrams like the last diagram in Fig. 4.

Lemma 2.3. (a)

T N=
(V) >
ghz o, x)<{2N_1TS§N2’ N2 (2.37)
(b)
w, N=1
% %2 hM(O, x)<{2N+1N2W5§N2, N2 (2.38)

Proof. (a) The case N=1 follows immediately from (2.28). For
N =2 we sum (2.29) over x and apply (2.35) repeatedly to obtain

N—1
T A0, )< T A0, 01, 0)- [] [sup T A0, w,-l,u,-,v,)}

Uy, 01 j=2 Wi—1 u;,0;
X sup ZAz(O’ Wy _ 1, X)
WN—-1 x

<SQS)V-22T
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(b) For N=1 the desired inequality follows from (2.28). To illustrate
the method for N>2, we consider in detail only the case N =3; other
values of N are handled similarly.

For N=3, by (2.29) and the triangle inequality we have

> X2 A0, x)

<3z Z (lu >+ v, —u, | + [x — 0,]%)

X UL,V U2, U2

X AI(O: Uy, Ul) AZ(ula Uy, Uy, U2) A3(027 Uy, -x) (239)

Substitution of AV + A for 4, and 4 + AP for A; gives four terms,
of which we consider only the term 7', involving 4" and 4. A similar
argument gives the same upper bound as that we will obtain for T for the
other three terms. Define

U QAN
B(ula Uy, Uz, UZ) =

D] NN 1

=G (v}, Uy) Z G (uy, w) G.(w, v,)

w

A regrouping of the propagators contributing to 7 gives

T1=3Z Z {Iullegl)(ula U1,O)A§1)(Uz,uzavl,ul)A1(xa Uy, Uy)

X M1, 01,2, 00
+ Al(on Uy, Ul) ‘D2~u1’2 B(ula Uy, Ug, v2) Al(x: Ua, uZ)

+ 4500, uy, v,) AV (uy, v5, Uy, 05) X — 0,17 A0y, 1y, X)) (2.40)

The first and last terms on the right side are bounded by WSS, and
the second term is bounded by 4 #S?2 We now illustrate this for the second
term. The other terms are similar. First the triangle inequality is applied
again in the form |v, —u,|* < 2(Jv; — w|? + |w —u,|?). Each of the resulting
terms is bounded in the same way. For example, to estimate the |v, — w]|?
term, we use translation invariance and (2.35) to obtain the bound

¥ 41001, 00) 569 | T 1032 G0, ) Guler, w) Gl ) |

uj,vp W, U2

X Z 4,0, x, uy)

X, up

<SWS
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This gives T, <3(2WSS+4S*W) < 18SSW, and hence (2.39) is bounded
above by 725SW.

A factor of 2¥7! in the bound (2.38) for N =2 comes from the 2V !
diagrams in £, and the factor of N? from application of the triangle
inequality as in (2.39). The additional factor of 2? accounts for the need to
apply the triangle inequality as for the second term in (2.40). |

Combining Lemma 2.3 with (2.30) leads to the following result.

Lemma 2.4. (a)

T+2TS Y (252 5=0
|05 11 .(k)| < N=2 (2.41)
WH+8WS Y N2(25)V 2 s5=1,2
N=2

d 0
Y k2 [W—k LAY N2(2§)N‘2] (2.42)
= N=2

Proof. (a) By definition, IT.(k)=Y, I1.(0,x)e** and (241)
follows immediately from (2.30) and Lemma 2.3. (For s =1, we use the fact
that for x e Z9, |x| <|x|%)

(b} By symmetry, {2.30), and (2.38),
Y (I—cosk-x) Y HMO,x)

x N=1

<Y s (f %) 0.0

=1 x p=1

[11.(0) — 11.(k)| =

l\)IP-‘ 2

i Z kZszh‘”’(o, x)

N=1 pu=1

1 d
— Z k> [W+8WS S N2(25)V- ZJ I
2d = N=2

3. PROOF OF THEOREMS 1.1 AND 1.2

Since finiteness of the square diagram at the critical point is known
to imply that y=1/2 in the sense that (1.15) holds,"'*'¥ to prove
Theorems 1.1(a) and 1.2(a) it suffices to prove that the square diagram is
finite at the critical point, and to obtain the infrared bound. By the
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monotone convergence theorem, a bound on the square diagram which is
uniform in z < z!* implies the same bound at the critical point [see (3.3)].
The bulk of the proof consists in obtaining such a uniform bound. In the
course of the proof of this uniformm bound, the infrared bound is also
proven. As will be shown in Section 3.3, the proof also yields
Theorems 1.1(b) and 1.2(b), with little more effort.

We give the proof of these results only for the case of spread-out lat-
tice trees above eight dimensions. With minor changes, the same methods
apply to nearest-neighbor trees and animals in sufficiently high dimensions,
and to spread-out lattice animals above eight dimensions. The proof has
the same general structure as that used for the self-avoiding walk in ref. 2
and for percolation in ref. 6, although the details do vary.

3.1. General Structure of the Proof

For the remainder of Section 3 we restrict our attention to spread-out
lattice trees in a fixed dimension d>8. A uniform bound on the square
diagram below the critical point is a consequence of the following
Lemma 3.1, Lemma 3.2, and Proposition 3.3. Before stating these results,
we introduce some notation. Let |£2,| denote the cardinality of
(24~ 2,)\{0}, and let

B (2m)7?
LT3,
Then ZL’\’L*d' Deﬁne
D (k) 1 Z ik x
L\K)= ¢
|2, xe(Zin Q) {0}

and

1 |eof ddk efk«(yfx)
Colx, ¥) = ( > = S
- wzﬂ 12, | Jm,ﬂd 2n)*1— DB, (k)

Here the sum over @ is the sum over all simple random walks from x to
», with w(i+1)— w(i)e 2,\{0}. To simplify the notation, we will usually
drop the label L. Recall that by definition g, = G_(0, 0). The three basic
results are the following.

Lemma 3.1. The two-point function satisfies the bound

Gz(x? y)gngL(xa ,V} fOI' Z<ZL (3

[y
——
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In addition,

3e

gZSW for A

A (3.2)

Since g, is a power series with positive coefficients, it follows that dg_/dz is

finite for z < (e |Q,|)*. Since, by (1.1), y(z) < (d/dz)[zg,], it follows that
x(z) < oo for z< (e |Q,]) "%, and hence z, = (e |Q,|) ' >z,.

Lemma 3.2. For:z<z, S, W, and g, are continuous in z.

Proposition 3.3. For any 4> 8 there is an Ly= Ly(d, 2,) such
that if L> L, then for any fixed z€ [z,, z,),

Py=P,
where P, is the statement that the following inequalities hold:

S<4000 - K- L', W<40000 - Ky - L2794, g, <%0
W,<aK'L>~?  for |l|,<Mz L)

In Proposition 3.3, K and K;, are constants which are defined in the
Appendix, Lemma A.1. They are defined in terms of the Gaussian
analogues S and W of S and W, given by

Se= Z C(0, x) Crlx, y) Crly, w) Cr(w, 0)— C (0, 0)4

X, Yo W

and

Wes, = z |x|2 C,.0,x)Cprlx, y) Cp(p, )

X, ¥

The numerical constants appearing in P, are somewhat arbitrary. The
(large) constant K’ is determined in the proof of the Proposition. The value
of M(z, L) is chosen sufficiently large so that W,<3K'L*~¢ for |||, >
M(z, L). This is possible because the two-point function decays exponen-
tially for z <z, (with a decay rate which depends on z'®)). The statement
P, is, for fixed z <z, a statement of finitely many inequalities.

For lattice animals (as for percolation'®), P, must be augmented with
a bound on the quantity H, defined in (2.36).

We now explain how together Lemmas 3.1 and 3.2 and Proposi-
tion 3.3 imply a uniform bound on the square diagram below the critical
point. First, Lemma 3.1 implies that P; holds for z< z,. To see this, note
that it follows from the definition of K, in (A.4) that W;< K, L* ¢ and
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hence by Lemma 3.1 we have W< g2W;<64K, L*>~“ The inequality
g2.<4 follows from (3.2). For S, it follows from (3.1), (3.2), and (A.3) that

S= Y G0,x) Go(x, ) Go(y, w) Go(w, 0){1 — I[x= y=w=07}

w, X, y

< (gz){ S €0, %) Culon, ¥) Colys w) Col, 0) — Co (0, 0)4]

W, X, ¥

81e* B
= (gz)4 SGan_zKSL I+l

which gives the desired inequality for S. For W,, it is sufficient to show that
g Ws ,<4*Wg , obeys the bound of P; for all /e Z% This can be done by
the argument of part (d) of the proof of Proposition 3.3, in Section 3.2, by
putting |z| - |Q,| =1, g, =1, IT(k)=0 there.

Now it follows from Proposition 3.3 (together with Lemmas 3.1 and
3.2) that there are forbidden regions in the graphs of S, W, W,, and g ver-
sus z. For example, the graph of S cannot enter the rectangle [z,,z,.)x
(1200KgL~9%1 1600K L ~“*'), and hence S<1200K L~ 4*' for all
z<z,. More generally, P, holds for all z<z,. It follows that

O(z)=S+(g,)* <1200Ks L4+ + 4% for z<z,

Since

D(Z)z Z Z Z Z Z 21T+ T2l + (T3 + T4 (33)

wox,y T120w Thoawx T3ax,v T421,0

it follows from the monotone convergence theorem that [I(z,)=1lim, ,
C(z) < oo. Note that we have in fact proven that S <1200K,L -7+ <1, as
promised in Section 1.3.

In the course of the proof it will be shown that the infrared bound
follows from P,. Since we will prove the stronger statement P,, this proves
the infrared bound. The proof that v=1/4 will be given in Section 3.3.
In the next section we prove Proposition 3.3. Lemma 3.2 is an immediate
consequence of the monotone convergence theorem, together with the fact
that the two-point function decays exponentially below the critical point.
Lemma 3.1 is proven as follows.

Proof of Lemma 3.7. We give the proof for both spread-out trees
and animals. By definition, G.(x, y) =3, , 2/, where the sum over C
denotes a sum over all trees or animals (depending on which model is
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being considered) containing x and y which can be constructed from bonds
{u, v} with v—ueQ,\{0}. This sum is bounded above as follows:

G y)< Y 2¥(g) ! (34)

wix—=y

where the sum Y’ is over all self-avoiding walks from x to y. Hence, for z
such that zg, < 1/|2,/, it follows from (3.4) that

, 1 Jw|
Gx, y)<g. ( )
Lz ey

Bounding the sum over all self-avoiding walks by the sum over all simple
random walks gives (3.1) for z such that zg, < 1/|2,|.

Now g, (either for trees or animals) is bounded above by the
corresponding sum over all embedded abstract trees, such that the origin
is a vertex of the embedded tree. Thus, by Cayley’s theorem (ref. 28, p. 75)
and the inequality n!>n"e ~"(2nn)'?,

2 (41" _ 2 ez12,) e
8:< X Nt DTERTS L " gy

n=1

(3.5)

The first inequality follows from the fact that there are (n+ 1)"~'/(n+ 1)!
unlabeled abstract trees with n edges; the factor of (n + 1) is due to the fact
that any vertex can be mapped to the origin, and the factor {£2,]"
corresponds to the fact that each edge of the abstract tree can be mapped
to at most |Q,| bonds. By (3.5),

3e 1

S i
L se L
Q0?2 A ESam O PSS

8. <

which gives (3.2). Hence, for z<z;, zg, < 1/|2,] and (3.1) holds. |

3.2. Proof of Proposition 3.3

In this section we prove Proposition 3.3, which together with Lem-
mas 3.1 and 3.2 implies that P; holds. We will also show that the infrared
bound follows from P,. This is sufficient to prove the infrared bound, since
the stronger statement P, holds. As usual in Section 3, we restrict our
attention to spread-out lattice trees. We begin with a lemma.

Lemma 3.4. If z <z, and we assume P, then there is a constant ¢,
(which does not depend on K') such that

S=sup S, <c, LU ~972
!
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Proof. By P,, So<cL" 972 (¢=1600Ks), so it suffices to consider
S, for [#0. Fix /#0. Then

d’k

S, = j oo [G.(k)*~(g.)*] ™
:Jﬁ([é k)~ . {[G.(k)+ g.1>+ 2(g.)*}
(2n)? z z z z z
+4(g.) G.(k)—4(g,)*) ™!
ddk A 3 (A 2 2 3
<] 2y LO(R) = £ (LG () + 2.1+ 2(8.)°) +4(5.) G.(0. )
)

=5+4(.)° G.(0, 1)

(All integrals with respect to k extend over [ —n, n]%) Now, by symmetry,

1 [
2 < 2 2
G.(0,1) \Zdz G0, x) \2d6S

x#0

so by P,
16\ (S 2 ,
< - el < (1—djj2

By Lemma 3.4, it follows from (2.41), (2.42), the fact that 7<3S, and
the assumption P, that for L sufficiently large there are constants ¢, ¢;,
and ¢, (which do not depend on K') such that

~ C Ll-d’ S:‘.O
la;nz(k)is{czy_d 1 (3.6)
and
\[T(0) — IT,(k)| < cg L’ ~ %> (3.7)

These bounds will be used to show that, for fixed ze [z,, z.), P, implies
P,.

Fix ze [z, z.). Using the fact that the Fourier transform of a con-
volution is the product of Fourier transforms, taking the Fourier transform
of (2.11), and solving for G (k) gives

_ g+ 11.(k) _g.+11.(k)
1=z1Q.0 D (k)[g.+M.0k)]  F.k)

G, (k) (3.8)
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This equation implicitly defines F,(k). Since G,(0) = x(z) € (0, o0), it follows
from (3.8), (3.6), and the fact that g,> 1 that for L sufficiently large

F0)=1-2(Q,|[g,+1.(0)]>0 (3.9)
Therefore '
Gz(k)z _ gz‘i:ﬁz(k)ﬂ

< g.+11,(k)

F (k) F,(0)
1 1+ g0 (k)

Z1Q [1—D,(k)]+(g,) "' [I1.(0)—M.(k) D, (k)]

3e 1+ g, (k)
2m)" [1— D, (k)1 — 111.00) — IT.(k) D (k)|

(3.10)

<
(

In the last step we used the fac} that g, >1 and z>z,. Now, by the
triangle inequality, the fact that |D, (k)| <1, (3.6), and (3.7),

\[7.(0)— IT.(k) D (k)| <|I(0)| - [1 — D (k)] + | 1T,(0) — H.(k)]
e, L1 =D (k)] + ey L2 %2
By (A.1)
k*<cs[1—D, (k)] (3.11)

and hence by (3.6) and (3.10), if L is sufficiently large, then

A 4
0<G, (k) s ——— 3.12
<G (k) D) (3.12)

Combining (3.11) and (3.12) gives the infrared bound

.4
OSGZ(k)S{—;

By (3.6), (3.9), and the fact that g, > 1,

5
z|1Q<g,2192,.0< <1+0(LH’)<Z (3.13)

1+ g, '11.(0)
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for L sufficiently large. Therefore

G.(k)—g.l =

F (k)
2.2 12, D, (k)[g.+ L.(k)] + ﬁz(k)!
F(k)

-~

<IG.(K)| - 2212, 1D (k)] +

CslDuk)res L
L= D, (k)

(3.14)

using (3.6), (3.12), (3.13), and P,. We are now ready to obtain the bounds
of Pj.

(a) The bound on g,. By (3.9), (3.6}, and the fact that z >z,

g.< +e, Lt (3.15)

z|Q,

The right-hand side is less than 4 if L is sufficiently large.
(b) The bound on S. By definition,

d%k _ . A
= | 5 1600 — 2.7 {L6.00) + 2.1 +2(2.)°}

(2n)?

By (3.12) and the bound (a) on g_,
~ 1 2
[Gz(k)+g212+z<g_,)2<4z[<._A__+ 1) +2J

With (3.14) this gives
n d 2 2 2L242d ] 2
s<so0 [ L D)2 K g +1> +2]
2y [1-D,(k)71* L\1-D,(k) ]
= 800[Sq + [C1(0, 0)~ 11% {[C,(0,0)+ 112 +2}] +const - L2~ >
< 800(KsL' ¢+ const - L2~ )

using (A.2) and (A.3) in the last two steps. (See also the equation in the
proof of Lemma A.1.) This gives S<400aK L'~ ¢ with o= 3.
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(c) The bound on W. By definition, W=7Y_ , |x|* G.(0, x) G (x, y) x
G,(»,0). In terms of the Fourier transform, this can be written (after an
integration by parts)

W= sz )d [6,G.(k)1> G.(k) (3.16)

Differentiation of (3.8) gives

0,110 _g.+I1.(k) A(k)]z
F (k) F (k)
, L) ) Lge+11.(k) ]
Fo(ke)? F.()’

[auéz<k)12=[

[0,F.(k)]* (3.17)

By definition,
[auﬁz(k)]zsz(z ‘QL\)Z {[auDL(k)]z [gz+ﬁz(k)]2+ [a,uﬁz(k)]z}
(3.18)

Sipce g.>1, it follows from (3.6) that for L sufficiently large, F.(k)~'<
3G .(k). Using (3.18), it follows from (3.17), (3.12), and (3.13) that

(0,0 | g0 LT oo 10,07
0D, [-BF - BT
(3.19)

[6,G.(k)]*<50

Using (3.19) and (3.12) in (3.16) gives

& d% [ [0,1.(k)]>  [8,D. (k)] [%ﬁz(k)]z]
W < 20,000
) Z J(Z”) [[1—5 (k)]3+[1—13L(k)]5+[1— D, (k)?

dk ([0,01.(k)1* [0,0.(k)] )]
= 20,000 | = W, . 3.20
[2 * Z A <[1— (0T T-bmr) ] O

To bound the final term in (3.20), we note that by symmetry J, I ,(k)
is equal to zero for any k with k, = 0. Denoting by k the result of replacmg
the uth component of & by zero, it follows from Taylor’s theorem that

0, 01,(k)=0,01(k)—0,J1 (k) =k, 0% 1T (k*) (3.21)

where k* is a point on the line segment joining k and k. By (3.21) and
(3.6),

0, JT.(k)]><koc3Lo—%
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and hence by symmetry and (3.11), for 4>8 the last term in (3.20) is
O(L%*) and is negligible compared to the K, L*>~“ bound on W from
(A.4). The other term in the integral in (3.20) is also O(L%~ %), by (3.6)
and (3.11). This yields the bound of P, for W.

(d) The bound on W,. In terms of the Fourier transform,

d dk
2 k 2 k-1
- 3 [ Grp B Gtk e

Differentiation of (3.8) gives

aiﬁz(k) 8,11.(k) 8, F.(k)

02G (k)=
u z( ) Fz(k) (k)2
e+ LI GFK) | 2.+ TIOR3,
Fo(ky? Fo(k)?
Now

0, F.(k)=—2{Q,| {8,D, (k) g.+ M.0k)] + D (k) 2, 11.(k)}
and
O2F.(k)= —z (@] (02D (k)[g.+ [ (k)] +20,D (k) 0,11.(k)
+ D, (k) 62 II.(k)}
Arguing as for W, we have
dk 1
Qn) [1-D,(k
D, (k)]>+ 0L ) ki}
—ﬁL(k)
k 102D, (K)|
“[1- D (k)]

W< | )]4z[lazm(k)| +O(L)13,5,(K)|

+ 0L+ 19,

6WG

<e,L Cs Z f (2r)
S C8 L3—d
using (A.4) and (A.5) in the last step.
We take K'=4%cg/3. This proves the bound of P, for W,, and, as

mentioned in the discussion following Proposition 3.3, this calculation can
also be used to show that W, satisfies the bound of Py if z<z,. }§

822/59/5-6-27
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3.3. Proof that v=1/4

We continue to consider only spread-out lattice trees explicitly.
Nearest-neighbor trees or animals, and spread-out animals, can be treated
similarly. By definition [Eq. (1.9)], in terms of the Fourier transform,

4 92G,00
0,6:0) (3.23)

B e

p=1 G(O)

Since F(k)~'=[g.+II.(k)]~' G.(k) and since by symmetry 8,F,(0)=
0, I1,(0)=0, it follows from direct calculation and (3.22) that

d d
Ez)?=[g.+11,(0)]17' G.(0) z O2F(0)—[g.+M,(0)]71 Y, 0211,(0)

p= u=1

= 219, Le. + 01 6.0) T (D00 g+ 70)]
=
RN

+0211,(0)} — g, + I1.(0)]

Since 020,(0)~ —L? for large L by direct calculation, it follows from
(3.6), (3.13), and (3.15) that

£(2)° ~ GA0)=x(2)

for z close to z,. By (1.15), this proves v=1/4.

APPENDIX. BOUNDS ON GAUSSIAN QUANTITIES

In this appendix we collect the estimates on Gaussian (simple random
walk) quantities that we need to treat the spread-out models. Analogous
estimates for the nearest-neighbor models are given in Appendix B.2 of

ref. 10.
We begin by recalling the definitions

A 1 ik - x

D (k)= e

2L} e ziian o)
dk eik-(y—x)

Ci(x, y)= J[ ”]dm——_ﬁL(k)

Se= ). Cu0,x) Crlx, y) Colp, w) Cr(w, 0) — CL(0, 0)*

Xy Yo W

Wo= 2 |xI7 C(0, x) Cpx, y) Cu(y, 0)

X,y
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The estimates we need are given in the following lemma. (The lemma can
likely be improved to the corresponding inequalities with ¢=0, but these
suffice for our purposes.)

Lemma A.1. Fix d>8. Then there are constants Ky, Ky, ¢s, ¢,
and ¢<1/5 such that for all L> 1,

k2 <es[1—D, (k)] (A.1)

0<C(0,0)—1eL™9F¢ (A.2)
Se < KgL™+% (A.3)
We< Kyl —d+2% (A4)

rd% 10,D,(k)

—d+2+4e
Yo =By "

Proof. The bound (A.1) is proved in ref. 6, Lemma 5.1. The bound
(A.2) is proved in ref. 6, Corollary 5.8, and (A.3) follows from Lemma 5.7
and the proof of Corollary 5.8 of ref. 6, using the representation

Se= rjl—dk—[c” (k) 112 {[Crlk)+11*+2}
G~ J (27'C) L L 5
— [€C1(0,0)~ 112 {[C,(0,0) + 1]+ 2}

Finally, (A.4) and (A.5) can be proved just as in Lemmas 5.10 and 5.11 of
ref. 6. |
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